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STABILITY OF POSITIVE SOLUTION TO BIHARMONIC
EQUATIONS WITH LOGISTIC-TYPE NONLINEARITIES ON
HEISENBERG GROUP
G. DWIVEDI, J.TYAGI
Abstract. In this note, we establish the existence of a positive solution and
its semi-stability to the following class of biharmonic problems with logistic-
type nonlinearities
(0.1)
{
∆2
Hn
u = a(ξ)u − f(ξ, u) in Ω
u|∂Ω = 0 = ∆Hnu|∂Ω ,
where Ω ⊂ Hn is an open, smooth and bounded subset of Heisenberg group
H
n.We establish the existence of a solution by Schauder’s fixed point theorem
and then with the aid of strong maximum principle, we obtain the positivity
of the solution. We also show that the principal eigenvalue of the linearized
equation associated with (0.1) is non-negative and hence the solution u of (0.1)
is semi-stable. This is shown by testing the equation under consideration with
a suitable test function.
1. Introduction
The aim of this note is to establish the existence of a solution and its semi-
stability to the following biharmonic problem on Heisenberg group:
(1.1)


∆2
Hn
u = a(ξ)u − f(ξ, u) in Ω
u > 0 in Ω
u = 0 = ∆u on ∂Ω,
where Ω ⊂ Hn is an open, smooth and bounded subset of Heisenberg group Hn,
a ∈ L∞(Ω) and f ∈ C(Ω× R, R).
The functional associated with (1.1) is
E : D2,2(Ω) ∩D1,20 (Ω) −→ R
defined by
E(u) =
1
2
∫
Ω
|∆Hnu|
2dξ −
1
2
∫
Ω
a(ξ)u2dξ +
∫
Ω
F (ξ, u)dξ,
where
F (ξ, s) =
∫ s
0
f(ξ, t)dt
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and the spaces D2,2(Ω) and D1,20 (Ω) are defined later. The weak formulation of
(1.1) is the following:
(1.2)
∫
Ω
∆Hnu∆Hnφdξ =
∫
Ω
a(ξ)uφdξ −
∫
Ω
f(ξ, u)φdξ, ∀ φ ∈ C2c (Ω),
where C2c (Ω) is the space of C
2 functions in Ω with a compact support in Ω. The
linearized operator Lu associated with (1.1) at a given solution u is defined by the
following duality:
Lu : v ∈ D
2,2(Ω) ∩D1,20 (Ω) −→ Lu(v) ∈ (D
2,2(Ω) ∩D1,20 (Ω))
′,
where
Lu(v) : ψ ∈ D
2,2(Ω) ∩D1,20 (Ω) −→ Lu(v, ψ)
and
Lu(v, ψ) =
∫
Ω
∆Hnv∆Hnψdξ −
∫
Ω
a(ξ)vψdξ +
∫
Ω
fu(ξ, u)vψdξ.
It is easy to see that Lu is well-defined and the first eigenvalue of Lu is given by
(1.3) λ1 = inf
v∈D2,2(Ω)∩D1,2
0
(Ω)
v 6=0
Lu(v, v)∫
Ω v
2dξ
.
We say that the solution u of (1.1) is semi-stable if
(1.4)
∫
Ω
|∆Hnv|
2dξ −
∫
Ω
a(ξ)v2dξ +
∫
Ω
fu(ξ, u)v
2dξ ≥ 0
for every v ∈ C2c (Ω), see [26] and the references therein for the definition of stability
(semi-stability) of solutions to biharmonic problems. Actually, (1.4) implies that the
principal eigenvalue of the linearized equation associated with (1.1) is non-negative
and hence the solution u of (1.1) is semi-stable.
This work is motivated by the recent works on polyharmonic equations, where
the authors obtained stability properties of solution to polyharmonic equation with
exponential nonlinearity, see [17, 20] and for the stability results to biharmonic
equation, see [2, 10, 22] and for Liouville theorems of stable radial solution to
biharmonic equations, see [25]. The nonlinearities of the type
a(ξ)u− f(ξ, u)
are known as logistic-type nonlinearities, see for instance [1, 7, 15, 18, 24, 14] and
references therein, which motivate us to consider the same for the stability questions
to biharmonic equations on Heisenberg group.
In the context of the above research works, it is natural to ask, whether we can
obtain stability/semi-stability of the positive solution to biharmonic problems with
logistic-type nonlinearities on Heisenberg group. More precisely, the aim of this
paper is to answer this question.
In fact, first, we establish the existence of positive solution to (1.1) and then we
prove the semi-stability of the positive solution to (1.1). We establish the existence
of a solution by Schauder’s fixed point theorem and then strong maximum principle
yields the positivity of the solution. In order to show the semi-stability of the
solution, we show that the principal eigenvalue of the linearized equation associated
with (1.1) is non-negative and hence the solution u of (1.1) is semi-stable. This is
shown by testing the equation under consideration against a suitable test function.
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To the best of our knowledge, we are not aware of any results on the semi-
stability of positive solution for the biharmonic equations on the Heisenberg group.
For the existence of positive solution to problems similar to (1.1) in Ω ⊆ Rn, we
refer to [3, 9, 11, 12, 16, 23, 28, 29] and the references therein. For the existence
of positive solution to equations involving Kohn-Laplace operator on Heisenberg
group, we refer to [6, 30, 21] and references cited therein.
We make the following hypotheses on the nonlinearity f and weight a:
(H1) Let f ∈ C(Ω× R,R) and C1 in the y variable and be satisfy
fy(ξ, y) ≥
f(ξ, y)
y
, ∀ 0 < y ∈ R, ∀ ξ ∈ Ω.
(H2) Let a ∈ L∞(Ω). There exists r ∈ Lq
′
(Ω) such that
(i) for n = 1(Q = 4), |f(ξ, s)| ≤ r(ξ) + c|s|q−1, for a.e. ξ ∈ Ω, ∀s ∈ R, where
r ∈ Lq(Ω), and c > 0 is a constant such that (c+ ‖a‖∞)c
2
emb < 1 and cemb is
constant of the embedding of D2,2(Ω)∩D1,20 (Ω) into L
q(Ω), q ≥ 1 is arbitrary.
(ii) for n > 1(Q > 4), |f(ξ, s)| ≤ r(ξ) + c|s|q, for a.e. ξ ∈ Ω, ∀s ∈ R, where
q < Q+4Q−4 , r ∈ L
q(Ω), and c > 0 is a constant such that (c+ ‖a‖∞)c
2
emb < 1.
(H3) Let a(ξ)s− f(ξ, s) ≥ 0, for a.e. ξ ∈ Ω and for all s ∈ R.
Remark 1.1. The functions of the form f(ξ, y) = g(ξ)yr, where r > 1 and g(ξ) ≥ 0
satisfy hypothesis (H1).
The functional associated with (1.1) is
E : D2,2(Ω) ∩D1,20 (Ω) −→ R
defined by
E(u) =
1
2
∫
Ω
|∆Hnu|
2dξ −
1
2
∫
Ω
a(ξ)u2dξ +
∫
Ω
F (ξ, u)dξ,
where
F (ξ, s) =
∫ s
0
f(ξ, t)dt.
Throughout the article, the space D2,2(Ω) ∩D1,20 (Ω) is denoted by D.
The following are the main results of this paper, which we will prove in the last
section.
Theorem 1.2. Let (H2)–(H3) hold. Then (1.1) has a positive solution.
Theorem 1.3. Let (H1)–(H3) hold. Let u ∈ D ∩ L∞(Ω) be a positive solution of
(1.1). Then u is semi-stable.
We organize this paper as follows. Section 2 deals with useful preliminaries on
the Heisenberg group and important results, which we shall use in next section.
The proofs of main theorems and auxiliary lemmas are a part of Section 3. A few
remarks are given in Section 4.
2. Preliminaries
We begin this section with the briefs on Heisenberg group and the auxiliary
results which are used in order to prove the main results. The Heisenberg group
H
n = (R2n+1, .), is the space R2n+1 with the non-commutative law of product
(x, y, t).(x′, y′, t′) = (x+ x′, y + y′, t+ t′ + 2(〈y, x′〉 − 〈x, y′〉))
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where x, y, x′, y′ ∈ Rn, t, t′ ∈ R and 〈·, ·〉 denotes the standard inner product
in Rn. The homogeneous dimension of Hn is Q = 2n + 2. This operation endows
H
n with the structure of a Lie group. The Lie algebra of Hn is generated by the
left-invariant vector fields
T =
∂
∂t
, Xi =
∂
∂xi
+ 2yi
∂
∂t
, Yi =
∂
∂yi
− 2xi
∂
∂t
, i = 1, 2, . 3, . . . , n.
These generators satisfy the non-commutative formula
[Xi, Yj ] = −4δijT, [Xi, Xj ] = [Yi, Yj ] = [Xi, T ] = [Yi, T ] = 0.
Let z = (x, y) ∈ R2n, ξ = (z, t) ∈ Hn. The parabolic dilation
δλξ = (λx, λy, λ
2t)
satisfies
δλ(ξ0.ξ) = δλξ.δλξ0
and
||ξ||Hn = (|z|
4 + t2)
1
4 = ((x2 + y2)2 + t2)
1
4
is a norm with respect to the parabolic dilation which is known as Kora´nyi gauge
norm N(z, t). In other words, ρ(ξ) = (|z|4 + t2)
1
4 denotes the Heisenberg distance
between ξ and the origin. Similarly, one can define the distance between (z, t) and
(z′, t′) on Hn as follows:
ρ(z, t; z′, t′) = ρ((z′, t′)−1 . (z, t)).
It is clear that the vector fields Xi, Yi, i = 1, 2, . . . , n are homogeneous of degree
1 under the norm ||. ||Hn and T is homogeneous of degree 2. The Kora´nyi ball of
center ξ0 and radius r is defined by
BHn(ξ0, r) = {ξ : ||ξ
−1.ξ0|| ≤ r}
and it satisfies
|BHn(ξ0, r)| = |BHn(0, r)| = r
Q|BHn(0, 1)|,
where |.| is the (2n+1)-dimensional Lebesgue measure on Hn and Q = 2n+2 is the
so-called the homogeneous dimension of Heisenberg group Hn. The Heisenberg gra-
dient and Heisenberg Laplacian or the Laplacian-Kohn operator on Hn are defined
as follows:
∇Hn = (X1, X2, . . . , Xn, Y1, Y2, . . . , Yn)
and
∆Hn =
n∑
i=1
X2i +Y
2
i =
n∑
i=1
(
∂2
∂x2i
+
∂2
∂y2i
+ 4yi
∂2
∂xi∂t
− 4xi
∂2
∂yi∂t
+ 4(x2i + y
2
i )
∂2
∂t2
)
.
Definition 2.1 (D1,p(Ω) and D1,p0 (Ω) Space). Let Ω ⊆ H
n be open and 1 < p <∞.
Then we define
D1,p(Ω) = {u : Ω→ R such that u, |∇Hnu| ∈ L
p(Ω)}.
D1,p(Ω) is equipped with the norm
‖u‖D1,p(Ω) =
(
‖u‖Lp(Ω) + ‖∇Hnu‖Lp(Ω)
) 1
p
.
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D
1,p
0 (Ω) is the closure of C
∞
c (Ω) with respect to the norm
‖u‖D1,p
0
(Ω) =
(∫
Ω
|∇Hnu|
pdzdt
) 1
p
.
Definition 2.2 (D2,p(Ω) and D2,p0 (Ω) Space). Let Ω ⊆ H
n be open and 1 < p <∞.
Then we define
D2,p(Ω) = {u : Ω→ R such that u, |∇Hnu|, |∆Hnu| ∈ L
p(Ω)}.
D2,p(Ω) is equipped with the norm
‖u‖D2,p(Ω) =
(
‖u‖Lp(Ω) + ‖∇Hnu‖Lp(Ω) + ‖∆Hnu‖
p
) 1
p
.
D
2,p
0 (Ω) is the closure of C
∞
c (Ω) with respect to the norm
‖u‖D2,p
0
(Ω) =
(∫
Ω
|∆Hnu|
pdzdt
) 1
p
.
Theorem 2.3 (Compact Embedding [4]). Let Ω be a bounded domain in Hn and
Q = 2n + 2 be homogeneous dimension of Hn, then the following embeddings are
compact:
(i) If Q = 4, then D2,2(Ω) ∩D1,20 (Ω) →֒ L
q(Ω), 1 ≤ q <∞.
(ii) If Q > 4, then D2,2(Ω) ∩D1,20 (Ω) →֒ L
q(Ω), 1 ≤ q < 2QQ−4 .
Theorem 2.4 (Nemytski operator [13]). Let Ω ⊆ Hn and f : Ω × R → R be a
Carathe´odory function and p, q ∈ [ 1,∞) Let there exist g ∈ Lq(Ω) and c ∈ R be
such that
|f(ξ, y) ≤ g(ξ) + c|y|p/q, for a.e. ξ ∈ Ω and for all y ∈ R.
Then the operator F : φ 7→ f(·, φ(·)) has the following properties:
(i) F (φ) ∈ Lq(Ω) for all φ ∈ Lp(Ω).
(ii) F is a continuous mapping from Lp(Ω) into Lq(Ω).
(iii) F maps bounded sets in Lp(Ω) into bounded sets in Lq(Ω).
Theorem 2.5 (Schauder fixed point theorem [13]). Let M be a nonempty, closed,
convex and bounded subset of a normed linear space X. Assume that F is a compact
operator from M to X such that and F (M) ⊆M. Then there is a fixed point of F
in M.
3. Proof of Theorem 1.2 and Theorem 1.3:
In order to prove Theorem 1.3, first, we prove the following lemma:
Lemma 3.1. Let u ∈ D2,2(Ω)∩D1,20 (Ω) be a nonnegative weak solution (not iden-
tically zero) of
(3.1) ∆2
Hn
u = a(ξ)u − f(ξ, u) in Ω, u = ∆Hnu = 0 on ∂Ω,
where a and f satisfy (H3), then −∆Hnu > 0 in Ω and u > 0 in Ω.
Proof. Let −∆Hnu = v. Then writing (3.1) into system form, we get
(3.2)


−∆Hnu = v in Ω,
−∆Hnv = a(ξ)u − f(ξ, u) in Ω,
u = 0 = v on ∂Ω.
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Since a(ξ)u − f(ξ, u) ≥ 0 in Ω, so by maximum principle [5], we get v ≥ 0. By
strong maximum principle, either v > 0 or v ≡ 0 in Ω. If v ≡ 0, then we have
−∆Hnu = 0 in Ω; u = 0 on ∂Ω.
Again by maximum principle, we get u ≡ 0, which is a contradiction and therefore
v > 0 in Ω and hence
−∆Hnu > 0 in Ω.
Again, since −∆Hnu > 0 in Ω, by strong maximum principle, we get
u > 0 in Ω.

Lemma 3.2. Let (H2)–(H3) hold. Let u ∈ D2,2(Ω) ∩ D1,20 (Ω) be a nonnegative
weak solution (not identically zero) of (3.1). Then u ∈ C4,α(Ω).
Proof. Let −∆Hnu = v. Then writing (3.1) into system form, we get
(3.3)


−∆Hnu = v in Ω,
−∆Hnv = a(ξ)u − f(ξ, u) in Ω,
u = 0 = v on ∂Ω.
An application of Theorem2.3 with boot-strap arguments yields that v ∈ L∞(Ω).
Now, by using Theorem 3.35 [8] for second equation in (3.3), we conclude that
v ∈ Cα(Ω) for some 0 < α < 1. Then by using Theorem 3.9 [27], we get that u ∈
C2,α(Ω). Again applying Theorem 3.35 [8] and Theorem 3.9 [27] for u ∈ C2,α(Ω),
we conclude that u ∈ C4,α(Ω). This completes the proof of this lemma. 
Proof of Theorem 1.2: The weak formulation of (1.1) is as follows:
Find u ∈ D such that
(3.4)
∫
Ω
∆Hnu∆Hnφdξ =
∫
Ω
a(ξ)uφdξ −
∫
Ω
f(ξ, u)φdξ, ∀φ ∈ D.
For each u ∈ D, let us define
L¯u : v 7→
∫
Ω
∆Hnu∆Hnvdξ
and
S¯u : v 7→
∫
Ω
(a(ξ)u− f(ξ, u))vdξ.
Since L¯u and S¯u are continuous linear functionals on Hilbert space D, therefore by
Reisz representation theorem, there exist unique elements Lu and Su such that
(3.5) L¯u(v) = 〈Lu, v〉, S¯u(v) = 〈Su, v〉, ∀v ∈ D.
In view of (3.5), solving (3.4) is equivalent to showing that the operator equation
(3.6) Lu = Su
has a solution in D. Observe that, the operator Equation (3.6) has a solution if the
operator S : D → D has a fixed point. We will use Schauder fixed point theorem
to prove that the operator S, in fact, has a fixed point. First, we show that S is
compact. LetM⊆ D be a bounded subset and {un} be a sequence in S(M). Then
there exists {wn} ⊆ M such that
S(wn) = un.
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Since D is a reflexive Banach space and {wn} is a bounded sequence in D, therefore,
up to a subsequence
wn ⇀ w in D.
Next, our aim is to show that S(wn) converges to S(w) for some w ∈M. Consider
‖S(wn)− S(w)‖ = sup
v∈D
‖v‖≤1
|〈S(wn)− S(w), v〉|
≤ sup
v∈D
‖v‖≤1
(∫
Ω
|a(ξ)||wn − w||v|dξ +
∫
Ω
|f(ξ, wn)− f(ξ, w)||v|dξ
)
≤ sup
v∈D
‖v‖≤1
(
‖a‖∞
∫
Ω
|wn − w||v|dξ +
∫
Ω
|f(ξ, wn)− f(ξ, w)||v|dξ
)
≤ sup
v∈D
‖v‖≤1
(
‖a‖∞ ‖wn − w‖q ‖v‖q′ + ‖f(·, wn)− f(·, w)‖q′ ‖v‖q
)
,(3.7)
where
(i) 1 ≤ q <∞ and q′ = qq−1 , when Q = 4.
(ii) 1 ≤ q < 2Qq−4 and q
′ = qq−1 , when Q > 4.
By Theorem 2.4, the Nemytski operator is continuous from Lq(Ω) to Lq
′
(Ω), thus
(3.8) ‖f(·, wn)− f(·, w)‖q′ → 0 as n→∞.
Also, by Theorem 2.3, D is compactly embedded into Lq(Ω), thus
(3.9) wn −→ w in L
q(Ω).
On using (3.8) and (3.9) in (3.7), we get
‖S(wn)− S(w)‖ −→ 0 as n→∞.
This shows that S is a compact operator. Now, it remains to show that S maps
B(0, R) into B(0, R). Consider
‖Su‖ = sup
v∈D
‖v‖≤1
|〈Su, v〉|
≤ sup
v∈D
‖v‖≤1
∣∣∣∣
∫
Ω
a(ξ)uvdξ −
∫
Ω
f(ξ, u)vdξ
∣∣∣∣
≤ sup
v∈D
‖v‖≤1
(∫
Ω
|a(ξ)||uv|dξ +
∫
Ω
|f(ξ, u)||v|dξ
)
≤ sup
v∈D
‖v‖≤1
(
‖a‖∞
∫
Ω
|u||v|dξ +
∫
Ω
|f(ξ, u)||v|dξ
)
≤ sup
v∈D
‖v‖≤1
(
‖a‖∞ ‖u‖q′ ‖v‖q +
∫
Ω
|r(ξ) + cuq−1||v|
)
(by (H3))
≤ sup
v∈D
‖v‖≤1
(
‖a‖∞ ‖u‖q′ ‖v‖q + (‖r‖q′ + c ‖u‖q′) ‖v‖q
)
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≤ c2emb ‖a‖∞ ‖u‖+ cc
2
emb ‖u‖+ cemb ‖r‖q′ (by Theorem 2.3),
where
(i) 1 ≤ q <∞ and q′ = qq−1 , when Q = 4.
(ii) 1 ≤ q < 2Qq−4 and q
′ = qq−1 , when Q > 4.
Since (c+ ‖a‖∞)c
2
emb < 1, we choose R > 0 such that
cemb ‖r‖q′ + (c+ ‖a‖∞)c
2
embR < R,
that is,
R >
cemb ‖r‖q′
1− (c+ ‖a‖∞)c
2
emb
,
then S maps B(0, R) into B(0, R). Therefore, by Scahuder’s fixed point (Theo-
rem2.5), S has a fixed point and hence (1.1) has a weak solution. An application
of Lemma 3.1, yields that u > 0 in Ω.

Proof of Theorem 1.3: By Theorem1.2, there exists a positive solution u ∈
D ∩ L∞(Ω) of (1.1). By Lemma 3.2, we get u ∈ C4,α(Ω). Now, for any v ∈ C2c (Ω),
we choose
φ =
v2
u
as a test function in (1.2). Since
∇Hnφ =
2uv∇Hnv − v
2∇Hnu
u2
,
and
∆Hnφ =
2u3|∇Hnv|
2 − 4vu2∇Hnu.∇Hnv + 2v
2u|∇Hnu|
2 + 2vu3∆Hnv − v
2u2∆Hnu
u4
so from (1.2), we get∫
Ω
∆Hnu.
[
2u3|∇Hnv|
2 − 4vu2∇Hnu.∇Hnv + 2v
2u|∇Hnu|
2 + 2vu3∆Hnv − v
2u2∆Hnu
u4
]
dξ
=
∫
Ω
a(ξ)v2dξ −
∫
Ω
f(ξ, u)v2
u
dξ.
This yields that∫
Ω
−4v
u2
∆Hnu∇Hnu.∇Hnvdx+
∫
Ω
2v
u
∆Hnu∆Hnvdx+
∫
Ω
2
u
|∇Hnv|
2∆Hnudx−
∫
Ω
v2
u2
|∆Hnu|
2dξ
+
∫
Ω
2v2
u3
|∇Hnu|
2∆Hnudx−
∫
Ω
a(ξ)v2dξ +
∫
Ω
f(ξ, u)
v2
u
dξ +
∫
Ω
|∆Hnv|
2dξ −
∫
Ω
|∆Hnv|
2dξ
= 0.
On re-arranging the terms, we get∫
Ω
|∆Hnv|
2dξ −
∫
Ω
a(ξ)v2dξ +
∫
Ω
f(ξ, u)
u
v2dξ =
∫
Ω
[
|∆Hnv|
2 +
4v
u2
∆Hnu∇Hnu.∇Hnv
−
2v
v
∆Hnu∆Hnv −
2
u
|∇Hnv|
2∆Hnu+
v2
u2
|∆Hnu|
2 −
2v2
u3
|∇Hnu|
2∆Hnu
]
dξ
=
∫
Ω
[(
∆Hnv −
v
u
∆Hnu
)2
+
4v
u2
∆Hnu∇Hnu∇Hnv −
2
u
|∇Hnv|
2∆Hnu
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−
2v2
u3
|∇Hnu|
2∆Hnu
]
dξ.
This implies that∫
Ω
|∆Hnv|
2dξ −
∫
Ω
a(ξ)v2dξ +
∫
Ω
f(ξ, u)
u
v2dξ
≥
∫
Ω
[4v
u2
∆Hnu∇Hnu∇Hnv −
2
u
|∇Hnv|
2∆Hnu−
2v2
u3
|∇Hnu|
2∆Hnu
]
dξ
=
∫
Ω
[
−
2
u
∆Hnu
(
|∇Hnv|
2 +
v2
u2
|∇Hnu|
2 −
2v∇Hnu∇Hnv
u
)]
dξ
=
∫
Ω
(
−
2
u
∆Hnu
)(
∇Hnv −
v
u
∇Hnu
)2
dξ
≥ 0 (by Lemma 3.1).
This gives us ∫
Ω
|∆Hnv|
2dξ −
∫
Ω
a(ξ)v2dξ +
∫
Ω
f(ξ, u)
u
v2dξ ≥ 0.
Now, using (H1), we obtain
(3.10)
∫
Ω
|∆Hnv|
2dξ −
∫
Ω
a(ξ)v2dξ +
∫
Ω
fu(x, u)v
2dξ ≥ 0
and therefore u is semi-stable. This completes the proof of this theorem.
4. A few remarks
The following remarks are in order:
Remark 4.1. In fact, one can also consider the stability questions to the following
class of problems
(4.1)


∆2
Hn
u = f1(ξ, u) in Ω
u > 0 in Ω
u = 0 = ∆u on ∂Ω,
where Ω ⊂ Hn is an open, smooth and bounded subset, f1 ∈ C(Ω × R, R) and
f1(ξ, u) ≥ a(ξ)u − f(ξ, u), where a and f satisfy the same hypotheses as above.
More precisely, one can have the following theorem, which is an easy adaptaion of
Theorem 1.3:
Theorem 4.2. Let f1 ∈ C(Ω×R, R) and f1(ξ, u) ≥ a(ξ)u−f(ξ, u). Let (H1)–(H3)
hold. Let u ∈ D ∩ L∞(Ω) be a positive solution of (4.1). Then u is semi-stable.
In the next remark, let us consider the biharmonic boundary value problem posed
in an euclidean ball but with Dirichlet’s boundary conditions.
Remark 4.3. Let us consider the following problem in the euclidean domains:
(4.2)
{
∆2u = a(ξ)u− f(ξ, u) in B,
u = 0 = ∂u∂ν on ∂B,
where B denotes unit ball in Rn, a ∈ L∞(B) and f ∈ C(B ×R, R). Let (H2)–(H3)
hold. Then, using the similar lines of proof as in Theorem 1.2 and Boggio maximum
principle [19], one can prove that (4.2) has a positive solution and using the similar
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lines of proof as in Theorem 1.3, it is easy to see that u is semi-stable. For the sake
of brevity, we skip the details.
Remark 4.4. In the context of Remark 4.3, due to the lack of the positivity of
Green’s function for any arbitrary smooth bounded domain, it would be of interest
to establish the existence of positive solution and its semi-stability of (4.2) in any
arbitrary smooth, bounded domain Ω ⊂ Rn, and in more general, when Ω ⊂ Hn.
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